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Topology Ph.D. Entrance Exam, August 2017
Solve the following five exercises. Write a solution of each exercise on a
separate page. In what follows the symbols int(A) and cl(A) stand, respectively, for the interior and the closure of A. Any subset of R is considered
with the standard topology, unless stated otherwise.
Ex. 1. Prove that a closed subspace of a compact space is compact. Include
the definition of a compact topological space and of a subspace topology.
Ex. 2.
(i) Prove that a continuous image of a connected space is connected. Include the definition of a connected topological space.
(ii) Indicate (i.e., present a sketch of a proof of) how (i) is used to prove
the Intermediate Value Theorem, IVT, for functions from R into R.
Include the statement of IVT.
Ex. 3. Show that a metric space hX, di is separable if, and only if, it is second countable. Include the definitions of separable and of second countable
topological spaces.
Ex. 4. Let f : [0, 1] → R be continuous and G(f ) = {hx, f (x)i: x ∈ [0, 1]}
be its graph. Consider X = [−9, 9]2 with the standard Euclidean distance
d. Show that for every open U ⊂ X containing G(f ) there exists an ε > 0
such that the (generalized) open ball B(G(f ), ε) = {x ∈ X: d(x, G(f )) < ε}
is contained in U . Hint: You may find useful to prove first that G(f ) is a
compact subset of R2 .
Ex. 5. Let hX, T i be a regular topological space.
(i) Show that for every two disjoint closed countable subsets A and B of
X there exists disjoint open sets U and V in X such that A ⊂ U and
B ⊂V.
(ii) Show, by giving an example of an appropriate regular space, that the
statement in (i) is false without the assumption that the closed sets are
countable. (For a standard example, no proof is necessary.)
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Topology Ph.D. Entrance Exam, April 20168
Solve the following five exercises. Write a solution of each exercise on a
separate page. In what follows the symbols int(A) and cl(A) stand, respectively, for the interior and the closure of A. Any subset of R is considered
with the standard topology, unless stated otherwise.
Ex. 1. Prove, or disprove by giving a counterexample, each of the following
statements.
(i) The product of two regular spaces is a regular space.
(ii) The product of two normal spaces is a normal space.
Ex. 2. Prove, directly from the definition, that a compact Hausdorff space is
regular. Include the definitions of Hausdorff and regular regular topological
spaces.
Ex. 3. Prove that [0, 1], considered with the standard topology, is compact.
You can use, without a proof, the standard facts on the order of R.
Ex. 4. Is a continuous image of a separable space separable? Prove it, or
give a counterexample. Include a definition of separable topological space.
Ex. 5. Consider Rn , n ≥ 1, with the standard metric.
(i) Show that an open subset U of Rn is connected if, and only if, it is
path connected. Hint. Fix an x ∈ U and show that the following
set {y ∈ U : there is a path in U from x to y} is both closed and open
in U .
(ii) Give an example of a closed subset F of Rn which is connected but not
path connected.
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Solve five from the following six exercises. Write a solution of each exercise on a separate page. Any subset of R is considered with the standard
topology, unless stated otherwise.
Ex. 1. Show that every second countable space is Lindelöf.
Ex. 2. A topological space is zero-dimensional provided it has a basis consisting of sets that are simultaneously closed and open. Show that every
Hausdorff zero-dimensional topological space is completely regular.
Hint: Consider characteristic functions of suitable subsets of the space.
Ex. 3. Let a family W be a family of subsets of X such that
(∗) for every x ∈ X there is an open U 3 x that intersects at most finitely
many W ∈ W.
S
(a) Show that the set T = W ∈W cl(W ) is closed in X.
(b) Give an example of V of subsets S
of R (considered with the standard
topology) such that the set S = V ∈V cl(V ) is not closed in X. (Of
course, such a family V cannot satisfy (∗).)
Ex. 4. Let X be a compact Hausdorff topological space,
T let {An : n ∈ N} be
a decreasing family of closed subsets of X, and A = n∈N An .
(a) Prove that for every open W ⊃ A there exists an n ∈ N such that
An ⊂ W .
(b) Use (a) to prove that is all sets An are connected, then so is A.
Ex. 5. Show that Rω , the countable product of R considered with the product topology, is connected. You can use, without a proof, the fact that the
finite product of R is connected.
Hint: Prove first that
R∞ = {f ∈ Rω : {n ∈ ω: f (n) 6= 0} is finite}
is a dense connected subspace of Rω .
Ex. 6. Let hX, di be a compact metric space and let f : X → X be such that
d(f (x), f (y)) < d(x, y) for every distinct x, y ∈ X. Show that there exists an
x ∈ X such that f (x) = x.
Hint: Show that there is an x ∈ X at which the map g: X → R given as
g(x) = d(x, f (x)) has value 0.

